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ABSTRACT

The perturbation equation of masseless fields ferrile Sitter geometryare written in form of sepéza
equations as in [17] called the Angular Teukolsiyation. The Angular Teukolsky equation is convetitie General
Heun's equation with singularities coinciding thghusome confluent process of one of five singuksitAs in

[4, 16, and 17] rational polynomials of at most @egsix are introduced.
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1. INTRODUCTION

Teukolsky equation is the consequences of pertimbatquation fer Kerr-de Sitter geometry with the

separability of angular and radial parts respettiv@arter [18] was the first to discover that gealar wave function
is separable. Other consideration is %bpin electromagnetic field, gravitational pertuibas and gravitino for the

Kerr-de Sitter class of geometry.

The Teukolsky equation is applicable in the stufiplack holes in general. The solutions of the eigueare
in most cases expressed as series solutions of spawalized functions. This approach has beenechout by so
many researchers say Teukol- 4¥73), Breuer et al(1977), Frackerell and Crossmai977),Leahy and Unruh
(1979),Chakrabarii1984), Siede{1989), Suzuki et all(1989)just to mention but few. Although Teukolsky equatio
has five singular points one irregular with fouguéar points. By some confluent process, theseusamgpoints are

reduced to four coinciding with the singular poinfsHeun's equation.

The objective of this work is to obtain polynomsadlutions for the derived Tuekolsky equation throtig
conversion to Heun's equation through rational potgials of degree at most 2. New solutions in teohdhe

rationalpolynomials are obtained.

The paper is organized as follows; The first sectieals with the introduction of Teukol- sky eqoatithe
second section deals with the derivation of Teulplgsing the work of17], the third section has to do with the
derivation of Angular Teukolsky and it®nversion to Heun's equation and the fourth sedteas to do with Heun's
differential equation and its transformation to aygeometric differential equation via rational podynials of at

most degree 6. The fifth section gives the varimssilts. All processes follow the works[i 16, 17].
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2. THE TEUKOLSKY EQUATION [17]

Tekolsky equation was derived using the Kerr (-Nemjprde Sitter geometries

d d6? ABsin?6
ds? = —p ( Tr +) ~ tramladt — (2 + a?)de]? + = a)z _(dt — asin?0dg)?, (2.1)
Where
a
A= (r? + a?) (1 - mr2) — 2Mr + Q2 =
—% r=r) =) —-r)0-r),
2
Ag= 1+ acos?6,a = ATa,ﬁ =71 + iacosd Andp? = pp. (2.2)

Here A is the cosmological constai;is the mass of the black hobayfits angular momentum ar@its

charge. The electromagnetic field due to the chafgbe black hole was given by

A dxt = W (dt — acos?0d). (2.3)

In particular, the following vectors were adoptedtiae null tetrad,

2, ,2
M= ((1+zx)(r +a )’ 1, O’a(1+a))'
Ar Ay

ikt = 2%((1 +a)(r? 4+ a*),—A,,0,a (1+ a))

i(1+a)

5 mt =m*H. (2.4)

mh = p\/ﬁ (ia(1 + a)sind, 0, Ay,

It was assumed that the time and azimuthal depemden the fields has the foen‘(wt — m*), the

tetrad components of derivatives and the electroratig field were

K = Do, nd, = LD}, m#9, =121,

= V2p
J_ __or
mto, Lot kA, = —2,7
mtA, =mtA, =0 (2.5)
Where
_ _ i(1+a)K 0y Ay + i(1+a)K 0y Ay
DO_aT Ay +n Ar :Dn—ar+—Ar +n—Ar
_ _i+a)H 89 (/Agsind)
Lo =0¢ Ag +n JBgsind
+ _i(+a)H 9g(/Agsind)
Ly, = 0g 2 +n [Bgsing " (2.6)
With K = w(? + a?) —amandH = —awsinb + ﬁ
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Using the Newman-Penrose formalism it was showed ferturbation equation in the Kerr-de sitter

geometry is separable for massless 5qoi3n 1,§and 2 fields. Similarly in the Kerr-Newman-de gitepace those

for spinO,lgfieIds are also separable. The separated equdtofields with spin s and charge e were given by
[\/ ABLIL—S\/ AB Ls
21+ a)(2s — Dawcosd — 2a(s — 1)(2s — 1)cos?0 +x]S,(8) = 0
[A.D; D +2(1 + @) (2s — Diw — 25 (s — 1)(2s — 1)

+ —2(1+“)€QIZT+1'S€QT3r3r _ 2iseQ —X]RS(T‘) _—
T

(2.7)
3. TRANSFORMATION OF TEUKOLSKY EQUATION TO HEUN'S E QUATION [17]

It was shown in [17] that the Teukolsky equatiofiteraseparation can be transformed to the Heun's
equation by factoring out a single regular singtyar

3.1 Angular Teukolsky Equation
From (2.7), the angular Teukolsky equation aftgasation was shown to be

A+ @) -0 L +x —s( —a) + L2 g2 g2

2ax

1+a

+ 2 [s(am — (1 + @Ox — 282~ 2m(1 + @) + 52

_ (1-a)?m? _ (1-a)(s?+2smx) _
(1+ax2)(1-x2) 1—x2 1S(x) =0, (3.1)
Wherex =

cosO and éé=aw. This equation has five regular singularitiesﬁ]s,iv%andn. It was also

noted that the angular equation has no independamkeadQ.by choosing the variablesuch as

Then(3.1)takes the following form,

2
I T
dz z z—1 Z—Zg dz

Z—Zy,

) - () e (- )

2 (z—z5)?

2 m?2 4a s?2 (1-Wa 2 2imsvVa
(z—24)2 + [_T<1 + (1+L\/E)2) + ?(lﬂﬁ) + 1-Wa

x—s(1—-a)—2a+2(1+a)(m+s)é; 1
+ 2 ]_
(1+w/a) z

m? 4a $2 (1+wa@\? | 2mmsVa
HE A+ - (ER)
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x—s(1-a)—2a+2(1+a)(m-s)é; 1

]_

(1+w/a)’ z-1
__p20am 5 Va(l-a) _ _a wWa(r—s(1-a)+2)
m (1+a)? (1+a)? ms 1+a + (1+a)?

+ 2i/am+(a-1)s)é; 4 sia 1

T e @ =0, (3:2)
Whered, = [m;] VA, = [m;], and4, = ié(% —Vam —1s). Now f(z)satisfies the equation
d 24141 | 24,41 | 24341, d ptz+u _
et vt et e/ @ =0, (3.3)
Where

u —s(1—a) —2a +2(1 + a)(m + )¢ — (1 + /a)” (24,4, + A, +4,)

— L

= 4\/E{>\
3

—4ia (24,45 + A, + A3) ’”7 [4a+ 1+ (Wa)?]

+§(1 - wa)? + 2msva(l + Va)}.

Equation(3.3)is called the Heun's equation which has four regsitegularities. The(z) is determined by
requiring non-singular behaviors at=0 andl. We can take either one of signsAfto find the solutionS(z)in

terms of solution of Heun's differential equation.

Every homogenous linear second order differentigla¢gion with four regular singularities can be
transformed into (3.3) with the assumption tht;, + 1 = y,24,+ 1 = 5,245+ 1 =¢,p+=af and
u = q,z = t and z,as defined above, and read as

u (v, 8, €\du, aBt-q , _
+ (t toat t—d) ac t—D-d) T 0, (3.4)

Wherda, B8,v,€,d,q}(d # 0,1) are parameters, generally complex and arbitramket by FUSCHAIN
constrain + B + 1 = y + § + €. This equation has four regular singular point§at, a, «},, with the exponents
of these singular being respective{9,1, —y},{0,1, —6},{0,1, —e}anda, 8}. The equation (3.4) is called Heun's

equation.
4. HEUN TO HYPERGEOMETRIC IN KUMMER FUNCTION [4]

In this section we show that the Heun's equatio#)(8lerived from transformation of Angular Teulkols
Equation can be solved via some polynomial trams&dion by taken the derivative of the initial sabut in

relation to a hypergeometric function.

To achieve this objective, 16t (a, q; @, 5,7, 6, €; x)be the analytic solution of (3.4) arourd= 0 and

normalized bg,, (0) = 1, we seek to answer the following questions

(YWhen isH (x)reducible to some hypergeometric equatiby?
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e (ii) When isDH (x)a good choice of parameters?

Maier [4] in 2005 solved the problem (i) in full gerality from the following theorem, enlarging tiverk
of Kuiken [16]

Theorem 4.1f the Heun's equation parameter valugsgq, a, 8,y, dare such that the H eun 's equation is not
trivialg = 0 or aB # 0, and all four oft = 0, 1, a, ccare singu- lar points, then there are only sevenawmnposite no
prefactorHeun-to-hypergeometric transformations, tapisomorphism. These seven transformations ievpynomial

maps of degreg, 3, 4, 3, 4, 5,6respectivelk representative list gives

« HnQ@aBafy.a+f -2y + 150 =F (55110 -0?). (4.1)
. 7—[71(4 af, a, ,31 —2(a+ﬁ) ) 2F1( B,%l—(l—t) (1_‘) (4.2)
o« Hn (208,850 ) =F, (5,551 - 402+ 0 - 512). (4.3)
. 7—[n(—+1— aB, ( +l\/_) J Readiial a+B+1 a+B+1 .6) —2F1<§ g a+f+2'1_<1_ﬁ§) ) (4.4)

c (2T (e (D)t 2ie) = (252 (1) (1)) 49

ot (3 5 b 0) (D) - ) -
(5 - BT+ (1 - M) “9
(e @—a)e%);az—ae,zw)=2F1<%,§—%é: b o) e
27 6

5. MAIN RESULTS

Let us notice that the six quadratic transformsKoiken reduces to one, the others being" composite"
resulting from the known quadratic transforms oé ttiypergeometric functigh,. Also the four last cases, the
singular pointx = a is located in the complex plane. Applying the dative property of the hypergeometric
functions:

da b '
L (a,b;c;x = R() = 2R (©)F(a+1,b+1;C+1x =R(®)) (5.1)
For instance, the derivative of the second degmesformation i) generates anothEywith a linear prefactor

B+2 at2

R (G510 -02) = -E 1+ 0, Py 2t -0, (5.2)
and the pull back operator witin = S,,to reflect. the solution of (3.1), gives

S Su(2aBa By, a+ B2y + 1) = Sp(2.(@+2)(B,+2), 42, a + 2y + La+f — 2y + 3;0). (5.3)
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(4 ap,ap,t 20 0) = D s (4,0 +3),(B+3) a+3:8+3.%5¢) (5.4)

a+B+2 a+B _ 2ap 2 _
2 5u(2.ap;ap 22,2 ,t) @ 4+ D1+ X

S, (2 C+ DB+ a+ 4 f+ 4T D0 (5.5)

2

da 1, .V3 1, .3 a+B+1_a+B+1.)
dtSn(2+lZ’aﬁ(2+lZ’a”3’ 3 ’ 3 ;t

= 6ap(-3 - iV3+6t) (a+f +1)713 +iV3) 3 X

a3+ l— @+DE+DG+ l— @+ D+ 1), 2,28y, (5.6)

3

i5‘n (l+ is—ﬁ,a(z— a)(l+ ig; a%— a3 t) =
dat 2 4 3 2 4 3 2’2
sa(-2+3a (~2-ivZ+at)’ (—1-2iva+2t

3(2+ivZ)’ (2+51V2)

1, .2 14 33
S ( +l— —( +4)(—— )(E+lT’a+4'?_a'5'E't) (57)
d 11V1 V1 5 2 2
Esn(g-Fl (——a)(—+1 (Xg—(l,g,g;t)z

IS ja(— 5+ 6a)(18t — 9 — iVI5) (=90t + 9 + (VIS5 + 90t2 — 2ity15 X

18432

S+ @+ 5)(-Z - )G+ i e+ 5, -2 -0, 50) (5.8)
1,.V3 3101 A3 2
do (1,3 1 1 VB 2y (05t 33 ]
& n(5+l7,a( —a)(5+l?,a, - 5 5 t)—t (Z_H-ﬁ)é
27 2
V3 5
S (5 +l— @+ DG+ a+15-a5,55t) (5.9)

6. CONCLUDING REMARKS AND SUGGESTIONS

In this paper, we have shown that the solutionghefderived Angular Teukolsky equation transforned
Heun's equation could be obtained in form of Hefumstions via polynomials of at most degree sansformations.

The new solutions obtained were as a result ofviiek of [4]. The integral operator application is@in progress.
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